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In this paper, we prove that there are no automorphism orbits of the Kohn–
Nirenberg domain accumulating at the origin.  2002 Elsevier Science (USA)
1. INTRODUCTION
This paper concerns the holomorphic automorphisms of the celebrated
Kohn–Nirenberg domain in 2([14]), which is deﬁned by the inequality
Rew + zw2 + z8 + 157 z2 Re z6 < 0
The main feature of this domain is well known: it does not admit any holo-
morphic support function at o = 0 0. In particular, this domain cannot be
realized even locally as a convex set by any holomorphic change of local
coordinates of 2 at o = 0 0. This is quite remarkable, considering that
this domain is strongly pseudoconvex at every boundary point (hence con-
vexiﬁable there) except at the origin o = 0 0, and furthermore that its
boundary is real analytic pseudoconvex everywhere.
The main theorem we present in this article concerns an analysis on its
automorphism group, which is essentially as follows.
Theorem 1. Let  be the Kohn–Nirenberg domain. Then, there does not
exist a sequence φjj=12 of holomorphic automorphisms of  and a point
p ∈  such that limj→∞φjp = o.
1 The author’s research was supported in part by KOESF Interdisciplinary Research Pro-
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Such a sequence φjpj=12 is usually called an automorphism orbit
accumulating at o.
This theorem is not totally unexpected. Several experts believed that
such a result should hold because of its special geometric feature at the
origin. On the other hand, we would like to remark that the “essential
non-convexity” of the domain at the origin is not the reason for the non-
existence of automorphism orbits accumulating. This is seen by the example
G = {zw ∈ 2  Rew + z8 + 157 z2 Re z6 < 0}
which again has no support function at the origin. Notice, however, that
the mappings
zw 	→ λz λ8w λ > 0
constitute a continuum of automorphism orbit of G accumulating at the
origin o, as λ ↘ 0. Indeed, our proof seems to suggest that there does
not exist an accumulating automorphism orbit at the origin because it is an
isolated non-strongly pseudoconvex point.
We would like to mention that one of the crucial methods in this paper
is Berteloot’s version of scaling technique, which in turn has its roots in
Pinchuk’s scaling method. The a priori convergence of this version of scaling
together with a detailed analysis on the possible scaled limits (following the
ideas of Kim and Krantz, for instance) plays an important role in this work.
2. ORGANIZATION OF THIS PAPER
2.1. Outline
The logic of the proof of the main theorem is as follows. In order to show
that there does not exist an automorphism orbit accumulating at the bound-
ary point in consideration, we ﬁrst assume the contrary. Then, under such
an assumption, we are able to apply a version of scaling technique initiated
by Pinchuk. In our case, the domain has a real analytic ﬁnite type bound-
ary in complex dimension two near the orbit accumulation point. Thus,
Berteloot’s analysis [5] guarantees that every scaling process has a con-
vergent subsequence so that the end result must be biholomorphic to the
original domain. In this paper, we analyze the scaling processes with care
and end up with an interim conclusion that the original domain has to be
biholomorphic to the model domain. Then we observe by some other geo-
metric and analytic reasons that the original domain can never be biholo-
morphic to the model domain. Notice that this contradiction then leads us
to deduce the main theorem of this article. (We remark that such a line of
logic has been used by Kim and Krantz in [11, 12].)
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Resonant with such a logic forming the main scheme of this paper,
the rest is organized as follows: Section 3 introduces the version of scal-
ing method by Pinchuk and the convergence theorem by Berteloot. In
Section 4, we present a detailed analysis of all possibilities arising from
the scaling of the Kohn–Nirenberg domain. Then ﬁnally in Section 5, we
demonstrate other geometric and analytic reasons that any one of these
scaled limit domains cannot be biholomorphic to the Kohn–Nirenberg
domain.
2.2. Terminology and Notation
Throughout this paper, zw denotes the standard Euclidean coordinate
system of 2. Furthermore, the real-valued polynomial ρzw = Rew +
zw2 + z8 + 157 z2 Re z6 will be the standard deﬁning function for the
Kohn–Nirenberg domain in 2.
From now on, pz will be understood as a real-valued polynomial. Then
we deﬁne the following concepts.
• aj  bj ⇔ there is some constant M independent of j such that
aj ≤Mbj ∀j where aj bj are sequences of real numbers.
• 2m denotes the set of all real-valued polynomials with degree less
than 2m + 1, which has no harmonic terms. This is a ﬁnite-dimensional
-vector space. pz represents the maximum of absolute values of all
coefﬁcients of the polynomial pz. Naturally,  ·  deﬁnes a norm on 2m.
• 2m is a set of all homogeneous subharmonic polynomial of degree
2m without harmonic terms.
• pz ∼ qz (i.e., p is equivalent to q) ⇔ there is a real number
γ > 0, a holomorphic polynomial rz and an automorphism gz of 
such that
pz = γ Re rz + γqgz
• P∗z denotes a polynomial Qz whose terms consist of terms in
Pz except harmonic terms.
• Phz = Pz − P∗z.
• MQ = zw ∈ 2  Rew + Qz < 0, where Q ∈ 2m is called
the model domain of Q.
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• Let D and Dj be domains in 2. We say that Dj converges to D if
the following two properties hold:
(a) For every compact set K ⊂ D there is an integer N such that
K ⊂ Dj if j ≥ N .
(b) If K is a compact set which is contained in Dj for all sufﬁciently
large j, then K ⊂ D.
This is in effect equivalent to the local Hausdorff set convergence of Dj to
D in 2.
3. PINCHUK’S SCALING METHOD AND ITS CONVERGENCE
The content of this section follows the exposition of [5]. However, for the
sake of a smooth exposition, we choose to include the arguments brieﬂy.
Let D be a domain in 2 and let p0 ∈ ∂D. Assume that ∂D is real
analytic, pseudoconvex of ﬁnite type in a neighborhood of p0. Let 2m be
the type of ∂D at p0 in the sense of D’Angelo [9]. We further assume that
p0 = 0 0 and that Re ∂∂w is normal to ∂D at p0.
Let pj be a sequence of points in D which converges to p0. For every
sufﬁciently large j, there exists a unique point qj such that
pj + 0 j = qj j > 0
Write qj = aj bj ∈ ∂D. According to Proposition 1.1 of [8], there is a
neighborhood U of p0 such that
zw ∈ D ∩U ⇔ Rew +Hz + RIm w z < 0
where H ∈ 2m and RIm w z ∼ Oz2m+1 + Im w. Consider that a
sequence of maps #j is deﬁned by
#j 2 −→ 2  zw 	→
(
z − ajw − bj + cjz − aj
)

where cj ∈  is chosen so that the complex tangent line of ∂#jD at o is
zw  w = 0. Then we have
#jqj = 0 0 #jpj = 0−j
and
zw ∈ #jD ∩U ⇔ Rew +
2m∑
l=2
Pljz + RjIm w z < 0
where Pljz’s are homogeneous polynomials of degree l and Rj =
Oz2m+1 + Im w.
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We may let Pljz = P∗ljz + Phljz. Since Phlj ’s are harmonic, there
exist αlj ∈  such that
Phljz = αljzl + αljzl
For each j, deﬁne a map 'j by
'j 2 −→ 2  zw 	→
(
zw + 2
2m∑
l=2
αljz
lz
)

Then
zw ∈ 'j ◦#jD ∩U ⇔ Rew +
2m∑
l=2
P∗ljz + R′jIm w z < 0
We choose δj such that∥∥∥∥−1j
2m∑
l=2
P∗ljδjz
∥∥∥∥ = 1(1)
Since limP∗lj = 0 for l < 2m and limP∗2mj = H, we obtain δj  1/2mj .
The last scaling map *j is deﬁned by
*jzw =
(
z
δj

w
j
)
for all zw ∈ 2. Then
zw ∈ *j ◦'j ◦#jD ∩U ⇔ Rew +
1
j
2m∑
l=2
P∗ljδjz
+ 1

R′jj Im w δjz < 0
Let Tj denote *j ◦ 'j ◦ #j . Since the norm is ﬁxed independently of
j, the sequence of polynomials −1j
∑2m
l=2 P
∗
ljδjz converges, choosing a
subsequence if necessary, to some polynomial Q of degree less than 2m+ 1
(we call Q the limit polynomial with respect to pj). Since the remainder term
of the deﬁning function goes to zero as j → ∞, the sequence of domains
TjD ∩U converges to a model domain{zw  Rew +Qz < 0}
and Q = 1. The following proposition by Berteloot in [5] guarantees that
the sequence of such scaling maps forms a normal family.
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Proposition 1 (Berteloot). Let D be a domain in 2 and let p0 be some
point on ∂D. Assume that ∂D is of class C∞, pseudoconvex, and of ﬁnite type
in some neighborhood of p0. Let φj ∈ AutD satisfy
lim
j→∞
φjz0 = p0
for some point z0 ∈ D. We consider a sequence of scaling maps Tj correspond-
ing to φjz0. Then Tj ◦φj is a normal family.
Corollary 3.1. Under the assumption of the Proposition 1, D is biholo-
morphic to the model domain MQ, where Q is a limit polynomial with respect
to φjz0.
Proof. Let Dj = φ−1j D ∩ U and let j = TjD ∩ U. Then Tj ◦ φj
is a biholomorphism between Dj onto j . By Proposition 1, Tj ◦ φj has
a convergent subsequence. Moreover, Tj ◦ φj−1 also has a convergent
subsequence. By the normal families theorem in [10], the conclusion is
proved.
4. SCALED LIMITS OF THE KOHN–NIRENBERG DOMAIN
Recall that ρzw = Rew + zw2 + z8 + 157 z2 Re z6 is the standard
deﬁning function for the Kohn–Nirenberg domain . Expecting a contra-
diction at the end, we suppose that there exist φj ∈ Aut and a point
z0 ∈  such that limφjz0 = o. Then we can choose a scaling sequence of
maps Tj with respect to φjz0. In the rest of this section, we will ﬁnd all
possible limit polynomials Q, arising from the scaling process. The expected
contradiction will be deduced in the next section.
In order to ﬁnd a limit polynomial Q, let φjz0 = aj + ibj sj + iqj ∈ ,
where aj bj sj qj ∈ . We can choose pj ∈  so that aj + ibj pj + iqj ∈
∂ and pj − sj > 0. Let j = pj − sj and let #j'j*j , and Tj be deﬁned
in the same way as in the previous section with respect to φjz0. Then
zw ∈ Tj ⇔ ρ ◦ T−1j zw < 0
A direct calculation for ρ ◦ T−1j zw yields
ρ◦T−1j zw
=Rew+Pjz+δjz+a+ib2jw2−2δjRecjzw¯+2Repj−iqjw∗
348 jisoo byun
where
Pjz =
δ2j
j
pj + iqj − cjaj + ibj2z2
+ δ
3
j
j
cj2aj − ibj − pj − iqjcjz2z
+ δ
3
j
j
cj2aj + ibj − pj + iqjc¯jz2z¯ +
δ4j
j
cj2z4
+ 1
j
{
δjz + a+ ib8 +
15
7
δjz + a+ ib2 Reδjz + a+ ib6
}∗

In order to ﬁnd the limit polynomial Q, we have to compute limj→∞ Pj
since the last term in the preceding expression of ρ ◦ T−1j goes to zero. We
will do this by estimating the coefﬁcients of Pj in what follows.
4.1. Estimates for Coefﬁcients of Pjz
We will omit subscript j for convenience. By direct computations, we see
that
p= −2a
2+b27q2+7a2+b23+15a6−15a4b2+15a2b4−b6
7+
√
49−28a2+b27q2+7a2+b23+15a6−15a4b2+15a2b4−b6
and
c =
a− ib
{
4a+ ib6 + 15147a+ ib6 + a− ib6 + p+ iq2
}
1/2 + p− iqa+ ib2 
By the triangle inequality, we obtain
p ≤ 7a+ ib2a+ ib6 + q2
c ≤ 600a+ iba+ ib6 + q2
We also deduce that
p+ iq− ca+ ib2
≤ p + q + ca+ ib2
 a+ ib16 + q2
a− ibc2 − p− iqc
≤ c2a+ ib + p+ iqc
 a+ ib15 + q2 + a+ ib7q
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and
c2 a+ ib2a+ ib6 + q22
Moreover, if a+ib
6
q2
 1 and a + ib is sufﬁciently small, then we obtain
the lower bound
p+ iq− ca+ ib2
≥ p+ iq − ca+ ib2
= p2 + q2 − 2ca+ ibp+ iq + ca+ ib2
≥ q2 − 1200p+ iqa+ iba+ ib6 + q2
≥ q2
(
1− 1200a+ ib
( a+ ib6
q2
+ 1
))
≥ 1
3
q2
In the polynomial Pjz, the last term
1

[
δz + a+ ib8 + 15
7
δz + a+ ib2 Reδz + a+ ib6
]∗
is equal to
1

(
7∑
j+k=2j>0k>0
gjka bδj+kzjz¯k + z8 +
15
7
z2 Re z6
)

where gjk are homogeneous polynomials of degree j + k with respect to
a b.
Since gj k are homogeneous,
gjka b a+ ibj+k
for all j + k = 2     7. We also obtain that
g11a b ≥ a+ ib6
since g11a b = 16a+ ib6 + 15Rea+ ib6.
Therefore we arrive at the following inequalities for the coefﬁcients of
the polynomial Pjz,
gjka b  a+ ibj+k
g11a b ≥ a+ ib2
p+ iq− ca+ ib2  a+ ib16 + q2
a− ibc2 − p− iqc  a+ ib15 + q2 + a+ ib7q
c2  a+ ib2a+ ib6 + q22
p+ iq− ca+ ib2 ≥ 13q2
(2)
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where the last inequality is valid if a+ib
6
q2
 1 and a + ib is sufﬁciently
small.
4.2. Choices for δ
We will choose δ satisfying the norm condition (1). Since the choices for
δ depend upon the way of φjz0 approaching the origin o, we divide the
argument into several cases. Let me explain the outline of this section. In
Case 1, we will consider a radial direction orbit, which is the case when
a = b = q = 0. If φjz0 is not a radial orbit; then we divide it once again
into two cases (Cases 3 and 4) depending only on the boundedness of the
sequence q
2
a+ib6 (Cases 3 and 4 are not disjoint from Case 2 in general).
Case 1. The automorphism orbit is in the radial direction.
Since a = b = q = 0, the centering map ' is the identity map of 2 and
Pjz =
δ8

(
z8 + 15
7
z2 Re z6
)

Let δ = 1/8. Then
Qz = z8 + 157 z2 Re z6
We now consider the case a2 + b2 + q2 = 0.
Case 2. The two sequences a+ib
8

and q
8/3

are both bounded.
We may choose a subsequence so that
a+ ib
1/8
→ ζ ∈ 
Let δ = 1/8. Then
1

(
δz + a+ ib8 + 15
7
δz + a+ ib2 Reδz + a+ ib6
)∗
goes to (z + ζ8 + 157 z + ζ2 Rez + ζ6)∗
For the remaining coefﬁcients of Pjz, we show that the inequalities (2)
for the Pjz imply that δ
2

p+ iq− ca+ ib2 is bounded, and
δ3

a− ibc2 − p− iqc δ
4

c4
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go to zero as j →∞. The actual proof is as follows. First note that
δ2

p+ iq− ca+ ib2 δ
2

a+ ib16 + q2

δ2q2

=
(
q8/3

)3/4

which is bounded. We also have that
δ3

a− ibc2 − p− iqc

δ3

a+ iba+ ib6 + q2a+ ib8 + a+ ib2q2 + q

δ3a+ ib7q

=
( a+ ib8

)1/2(δ2q2

)1/2
δ2a+ ib3
→ 0
and that
δ4

c2  δ
4

a+ ib2a+ ib6 + q22
 δ2a+ ib2
→ 0
Taking a subsequence of Pjz, we obtain
Qz = αz2 + (z + ζ8 + 157 z + ζ2 Rez + ζ6)∗
which is the limit polynomial of Pjz. Here α is a nonnegative real
constant.
Remark 1. A sufﬁcient and necessary condition for α > 0 is that
q
8/3
j
j
∼ 1 and aj + ibj
8
j
 1(3)
This condition means roughly that the order of contact between the
automorphism orbit (if exists) and the boundary of the Kohn–Nirenberg
domain is 8/3.
Case 3. The sequence q
2
a+ib6 is bounded.
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This case is equivalent to q8/3 a+ ib8. If a sequence a+ib8

is bounded,
then so is q
8/3

bounded. Consequently, Qz is of the same type as that in
Case 2. Therefore we may now consider only the case that a+ib
8

goes to∞.
In this case we choose δ = ( a+ib6 )1/2. Then δ → 0 since a + ib8 ≤
a + ib6. We now compute Qz. Since a + ib6 ≤ g11a b a + ib6,
we have
δ2

g11a b ∼ 1
Moreover,
δ2

p+ iq− ca+ ib2 δ

a+ ib16 + q2

q2
a+ ib6
is bounded. We now have a subsequence of Pjz such that the term of
degree 2 in Pjz converges to αz2, where α is positive. By 2, we see that
the remaining coefﬁcients go to zero as j → ∞. Therefore, Qz = αz2
in this case.
Case 4. The sequence q
2
a+ib6 is unbounded.
We may assume that q
2
a+ib6 goes to ∞, choosing a subsequence. Since
the above condition is equivalent to
q8/3 a+ ib8
we may assume that q
8/3

goes to ∞ (otherwise, we go back to Case 2). Let
δ =  
q2
1/2. Then δ→ 0 since q2 ≥ q8/3. Now we have
δ2

p+ iq− ca+ ib2 δ
2

(a+ ib16 + q2)
 1
and
δ2

p+ iq− ca+ ib2 ≥ δ
2

1
3
q2 ≥ 1
3

In this case, there is a subsequence of Pjz such that the term of degree
2 in Pjz converges to αz2, where α is positive. By 2, we see that the
remaining coefﬁcients go to zero as j →∞. Therefore, Qz = αz2, where
α is positive.
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5. NON-EXISTENCE OF AUTOMORPHISM ORBITS
In the previous section, we analyzed all possible limit polynomials, which
are
Q1z = z8 + 157 z2 Re z6
Q2z = z2
Q3z = z2 + z8 + 157 z2 Re z6
We now demonstrate that none of these can be biholomorphic to the Kohn–
Nirenberg domain .
5.1. The Case of Q1z = z8 + 157 z2 Re z6
Let ψ be a biholomorphism from  onto MQ1 . In [1], they have con-
structed a function g →  such that arg g ∈ −π4  π4  and
g ∼
(
z8 + w2
) 1
N
for sufﬁciently large values for z + w. Deﬁne φ = g−1
g+1  → . We claim
that there exist t0 ∈  such that
lim inf
x<0 x→0
ψ−10 x+ it0 <∞(4)
If not, we will have
lim
x<0 x→0
ψ−10 x+ it = ∞
Then φ ◦ ψ−1 ≡ 1 on Rew = 0 z = 0 since φz goes to 1 as z →
∞. So φ ◦ ψ−1 is identically equal to 1 on Rew < 0 z = 0. This is
impossible since φ < 1. Hence the claim (4) is proved. Now by [6], we may
assume that ψ−1 extends continuously at the origin. By [4], ψ−1 is a local
CR-diffeomorphism at the origin. Since ∂MQ1 has inﬁnitely many weakly
pseudoconvex points and since ∂ has only one weakly pseudoconvex point
at the origin, we arrive at a contradiction.
5.2. The Case of Q2z = z2
SinceMQ2 is biholomorphic to the ball B, it is in particular homogeneous.
So we may choose a radial automorphism orbit. After scaling with respect
to the radial direction orbit, we have the following biholomorphism:
 ∼=MQ1 
This is impossible as already shown in Section 5.1.
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5.3. The Case of Q3z = z2 + z8 + 157 z2 Re z6
Let ψ be a biholomorphism from  onto MQ3 with ψ0−1 = 0−1.
Recall that the limit polynomial is the same type of Q3 if and only if the
automorphism orbit satisﬁes the condition (3).
Consider ψ ◦φjz0, which is an automorphism orbit in MQ3 , where z0 =0−1. Since ∂MQ3 is strongly pseudoconvex, we only need check the case
when
lim
j→∞
ψ ◦φjz0 = ∞
For any t ∈ , we deﬁne an automorphism Lt ofMQ3 by Ltzw = zw+
it for zw ∈ 2. So there exists a sequence tj of real numbers such that
Ltj ◦ ψ ◦φjz0 ∈MQ3 ∩ Imw = 0
We divide this into the following cases.
Case 1. Ltj ◦ ψ ◦φjz0j∈N is an unbounded sequence.
In this case, we can scale MQ3 with respect to Ltj ◦ ψ ◦ φjz0. It turns
out that this rescaling produces new scaled limit domains deﬁned by the
two limit polynomials Q1Q2. This is again impossible as shown before.
Case 2. Ltj ◦ ψ ◦φjz0j∈N is a bounded sequence.
Note that MQ3 is Kobayashi hyperbolic and taut. For q ∈ MQ3 , let Lq =q + 0 it  t ∈  and let P = zw  Rew < 0 z = 0. Then given
a point q ∈ MQ3 , the set ψ−1Lq is a parabolic orbit accumulating at the
origin. If this orbit does not satisfy the condition (3), then we obtain Q1 or
Q2 as the limit, which is a contradiction. Hence we may assume that for any
point q ∈MQ3 , the set ψ−1Lq accumulates at the origin with the order of
contact 83 . Now we present Lemma 1.
Lemma 1. ψP ⊂ P , where P = 0 w ∈ 2  Rew < 0.
Proof. We claim that Lq is contained in ψP, whenever q ∈ ψP.
Suppose that there exists a point q ∈ ψP with Lq ⊂ ψP. Then there is
a point 0 w0 ∈  such that ψ0 w0 = q and there is a point q¯ ∈ ψ−1Lq
such that q¯ ∈ P since ψ−1Lq ⊂ P .
Let θzw = z exp i π3  w. Note that θ ∈ Aut . Consider the auto-
morphism orbits θjψ−1Lq for each j = 1     6 satisfying the following
conditions.
(1) θjψ−1Lq are distinct orbits.
(2) 0 w0 ∈ ψ−1Lq for each j ∈ 1     6.
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By (1), ψ ◦ θj ◦ψ−1Lq’s are distinct orbits. This implies dimAutMQ3 ≥
2. By Theorem 1.3 of [15], Q3 is equivalent to some polynomial Q′(Q3 ∼ Q′)
satisfying one of the following cases
(1) Q′z = Q′z2,
(2) Q′z = Q′Re z,
(3) Q′z is homogeneous.
It is easy to see that Q3 is never equivalent to any one of these. So we
must have Lq ⊂ ψP for all q ∈ ψP. Since ψP is a complex mani-
fold of dimension 1, all complex tangent planes of ψP are parallel to P .
Therefore, ψP is contained in a plane P since ψ0−1 = 0−1. This
establishes the lemma.
Now consider the map φz = z−1
z+1 from the unit disk onto the half
plane P in  and let φ¯z = z+1
z−1 be a map from the half plane P in MQ3
onto the unit disk. Deﬁne f = φ¯ ◦ ψ ◦ φ. Then f is an injective proper
holomorphic map from the unit disk to itself with f 0 = 0 f 1 = 1. So f
is the identity map. But the pre-image of the circle z − 12  = 12 under φ˜ is
the line Lz0 through z0 = 0−1, and the set ψ−1Lz0 is an automorphism
orbit accumulating at the origin satisfying the condition (3). Hence the pre-
image of the circle z − 12  = 12 under f is not contained in itself. This
contradiction now proves Theorem 1.
The complete and explicit description of the automorphism group of the
Kohn–Nirenberg domain seems currently intractable. It is possible by the
method of this paper to show that no automorphism orbit tends to ∞
following the Rew-line. However, it is not at all obvious how to show an
analogous conclusion for different possible orbits.
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